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Stochastic Properties of Turbulence Excited
Rotor Blade Vibrations

GOPAL H. GAONKAR* AND KURT H. HoHENEMSERf
Washington University, St. Louis, Mo.

The developed analytical methods are applicable to the linearized equations of blade mo-
tion up to high rotor advance ratios. Rigid flapping blades with elastic flapping restraint are
stipulated, only vertical turbulence components are considered and the ratio of turbulence
scale length over rotor radius L/R is assumed to be large. On the basis of computed thresh-
old crossing expectations, the blade response can be described as a quasi-coherent narrow-
band random process. The limiting case of infinite L/R is easy to compute and to interpret
and yields conservative values for the mean square blade response. Numerical analysis for
a slowed unloaded rotor based on low-altitude turbulence data indicates in the absence of gust
alleviating device an appreciable probability of excessive blade flapping or flap-bending.
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Nomenclature
vertical turbulence velocity, ft
turbulence scale length, ft
longitudinal space coordinate, ft
spacewise circular frequency, rad/ft
standard deviation
timewise circular frequency, r ad /sec.
co /ft = nondimensional frequency
co/27r = timewise frequency, I/sec
angular rotor speed, rad/sec
time, sec. (r used in autocorrelation function)
ft£, T — ftr = nondimensional time
flight velocity, fps
rotor radius, ft
one-sided (two-sided) power spectral density
auto correlation function
rotor advance ratio
w/ttR = nondimensional vertical turbulence velo-

city
Fourier transform of X
2fj,/(L/R) — turbulence parameter
blade tip loss factor
flapping angle
Lock blade inertia number
aerodynamic blade damping
aerodynamic blade stiffness
aerodynamic input modulation
natural flapping frequency at ft = 0
1 + coflVft2 = elastic flapping restraint parameter
cross correlation coefficient
response to input Q.5jB(l) cos(«0
response to input Q.5yB(l) sin(«0
expected number per unit time of positive crossings

of level f
expected number per rotor revolution of positive

crossings of level f
stability parameter in Floquet solution

= conjugate complex
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Introduction

THE purpose of this study is to develop methods for deriv-
ing the stochastic properties of rotor blade vibrations and

loads when the blades are subjected to continuous atmospheric
turbulence. The difficulty of this task, as compared to the
equivalent frozen wing problem, arises mainly from two cir-
cumstances. First, a rotor blade in forward flight represents
a dynamic system with large periodic variations of damping
and stiffness coefficients. Second, the turbulence excitation
of the rotor blade represents a nonstationary stochastic process
about which no experimental data are presently available.
The authors1 have previously given an introduction to the
problem and have developed a perturbation method for com-
puting the time variable mean square flapping response of a
rigid rotor blade to an assumed blade angle-of-attack random
input, using quasi-steady linearized aerodynamics. The per-
turbation scheme is valid within a moderate rotor advance ra-
tio range which extends, i.e., at a Lock blade inertia number of
8 to a rotor advance ratio of about 0.6. In this range, re-
versed flow effects could be neglected and simple analytical
functions of azimuth angle could be used for blade damping,
blade stiffness, and for the input modulating function. No
efforts were made to estimate the actual random input from
atmospheric turbulence, since at moderate advance ratio the
random shedding of blade trailing vortices are likely to sub-
stantially modify in the vicinity of the rotor disk the turbu-
lence characteristics of the free atmosphere.

Although it seems futile to attempt at low rotor advance
ratio a stochastic theory without the benefit of experimental
data, the case of high rotor advance ratio looks more tractable
from the point of view of estimating realistic turbulence in-
puts. For high rotor advance ratio the flow in the rotor disk
is only affected to a minor degree by the vortices shed from
the rotor blades. The assumption that each blade feels only
the free atmospheric turbulence appears to be plausible and
will be made in this paper. Computationally, the treatment
of high rotor advance ratios is more complex than the previous
analysis. The perturbation scheme must be replaced by a
more general method, and reversed flow effects must be in-
cluded which leads to descriptions of damping, stiffness, and
input modulation by nonanalytic functions of time, though
quasi-steady linearized aerodynamics are retained. From the
practical point of view, the turbulence excited rotor blade vi-
brations are most significant anyhow in the high rotor ad-
vance ratio regime with its well-known high gust sensitivity.
Future high-speed rotorcraft may use the high advance ratio
regime either for cruising with the main portion of the aircraft
weight shifted from the lifting rotor to an auxiliary fixed wing,
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Fig. 1 Power spectral density comparison.

or for transition in flight to or from a stopped and possible
stowed lifting rotor condition.

Atmospheric Turbulence
Several analytical descriptions of atmospheric turbulence

are in use. The earliest one derived by von Karman is based
on the assumption of isotropic turbulence. The one-sided
power spectral density for the vertical turbulence component
— the only one to be considered here — is given by the ex-
pression,2

f (1.34Lcor)2]/[l + (1.34Lcor)2P/6 (1)

where L is the scale length of the longitudinal turbulence com-
ponent and L/2 that of the vertical component. The spec-
trum is normalized such that

PJo (2)

The von Karman spectrum appears to agree better with mea-
sured spectra—at least for low altitudes over terrain3—than
other currently used representations.4 For altitudes above
terrain of 300-700 ft, the scale length was found to be about
400 ft. For high altitudes the scale length is several thousand
feet.5 The standard deviation values of the gust velocity at
low altitudes above terrain range from 0 to 9 fps. A stan-
dard deviation of 8 fps, which will later be used in numerical
examples, occurs with about 0.1% probability. The gust
velocity is normal or Gaussian distributed about a zero mean
up to 2 standard deviations.2 Gust velocities of 3 or more
standard deviations occur more frequently than in a Gaussian
distribution.

Fig. 2 Aerody-
namic blade stiff-
ness parameter.

In this study we will substitute for the power spectral den-
sity Eq. (1) with its rather complex autocorrelation function,
the following expression:

(Lcor)2] (3)

which corresponds to a simple exponential autocorrelation
function,

= «•.» exp(-2r/L) (4)

The substitute spectrum, Eq. (3), has for small Lo>r the same
constant value o-w

2L/ir as the von Karman spectrum, Eq. (1).
A comparison between Eqs. (1) and (3) for L = 400 ft in the
frequency range of interest here is given in Fig. 1.

The theory to be developed assumes that the rotor blade
feels during its entire path the vertical turbulence velocity
component as it actually exists only at the rotor center. This
means that the vertical turbulence velocity component is as-
sumed to be uniform laterally over the rotor disk,—an assump-
tion often made for the wing span of frozen wing aircraft'—
and that the random waves encountered by the lifting rotor
have wave lengths considerably greater than the rotor radius.
The effects of airframe motions and of longitudinal turbulence
velocity components on the rotor blades are neglected.

Introducing the flight velocity V and the two-sided power
spectrum Sw instead of the one-sided <t>W} one obtains for the
timewise power spectral density

««(«) = <rw
227/7rL[(2F/L)2 + co2] (5)

This expression is nondimensionalized by introducing the fre-
quency ratio & = u/ti and the velocity ratio X = w/tiR,

(7)
where

a = 2n/(L/R)
and

(8)

The timewise autocorrelation function is

«X(T) = crx2e-al-l (9)

Blade Flapping at High Advance Ratio

The elastically restrained flapping hinge is assumed for sim-
plicity at the rotor center and the blade is assumed rigid in
bending and torsion. Using a frame of reference which rotates
with the angular rotor speed ti, the linearized differential equa-
tion of blade flapping has the form

[P2 (10)
The time unit is 1/0, the azimuth angle tit = t. The param-
eter P has the value one for zero elastic flapping restraint and
is larger than one for nonzero restraint, whereby

The nonanalytic expressions of C(£)> K(t), and B(t) taken from
Sissingh6 have been replaced by their respective Fourier series
valid over the entire t range. Figures 2-4 show these func-
tions at the rotor advance ratios of p = 1.0 and 1.6, assuming a

'± 0.6
o
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0

Fig. 3 Aerody-
namic blade
damping param-

eter.
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tip loss factor of B = 0.97. The inflow ratio X in Eq. (10) is
the random input function with zero mean and with the two-
sided power spectral density given by Eq. (6). The function
B(t) is called the input modulating function. Figure 5 shows
the deterministic solution 2/c(0,£) of Eq. (10) to a unit gust
input X = 1 for p = 1.6 and three combinations of parameters
which will be retained in the subsequent numerical examples:

P 1 1.3. 1.3
7 4 4 8

The analysis has been performed for a step input of X = 1 at I
= 0, but in Fig. 5 only, the amost steady-state solution in the
third rotor revolution is shown. The computations have been
made with a Runge-Kutta method,7 which for a step size of h
has a truncation error of the order of 0(/t5), whereby a step
size of h — 0.2 has been selected for A?.

Figure 5 shows that at constant 7 the maximum flapping
deflection decreases with increasing P because of the added
elastic flapping restraint, and that at constant P the maximum
flapping deflection increases with increasing 7 because of the
lower centrifugal moment restraint in relation to the aero-
dynamic moments.

It is of interest to know the flapping stability margins for
these three cases. According to Floquet's theory, the solution
of the left-hand side of Eq. (10) can be written for iji ^ 772 in
the form8

18(0
J

(12)

[A(t)] is a 2 X 2 matrix of time functions periodic with 27r;
cti, c*2 are time constants derived from the initial conditions.
The motion is stable if the real parts Refa), Refa) are nega-
tive and the stability margin can be defined by the smallest
value of |#eO?)|mm. These minimum values for the 3 cases
have been computed by D. A. Peters with the help of the Flo-
quet transition matrix9:

P 1
7 4

]Re(t?)|min 0.22
1.6

Adding elastic restraint- — increasing P from 1 to 1.3 — in-
creases the stability margin. Reducing the centrifugal re-
straint in relation to the aerodynamic moments — increasing
7 from 4 to 8 — reduces the stability margin.

Stochastic Response Analysis
We first assume that a Fourier transform of the time func-

tion \(t) in Eq. (10) exists. Writing this Fourier transform
A(f), with/ = co/27r, the inverse Fourier transform is

(13)

Since the time function B(t) can be shifted to the right of the

i.o

I 0.8

OD 0.6

0.4

0.2

0

B=0.97
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Fig. 5 Deterministic
blade responses.
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frequency integral, the right-hand side of Eq. (10) reads

= 0.5 f "" A(/)7B(*y2^d/ (14)
fcj — CO

Because of the linearity of Eq. (10), the particular solution
P(t ) can now be written in the form

f"
J -c

(15)

where ys^jt) is the complex valued response to the input
Q.5yB(t)ei2"tf with zero initial conditions. Differentiating
Eq. (15) with respect to time, one obtains

f •
J — C

(16)

The response autocorrelation function is then given by

In general, \(t) is a nonstationary random process with the
double frequency power spectral density

(17)

(18)
Assuming now, as mentioned before, that the blades feel at
any instant the vertical velocity X(f) existing at the rotor cen-
ter and further assuming uniform turbulence characteristics
in the atmosphere and uniform flight speed, the time function
\(t) represents a stationary stochastic process for which

Sxx(/i,/2) = Sx(/i)5(/, - /i) (19)
where 6(/) is the Dirac delta function. Inserting Eq. (19)
into Eq. (18), one obtains

f "
J — C

(20)
With /S\(/) = 2irS\(u), Eq. (20) can also be written in the form

(21)

(22)

Setting ti = k, one obtains the time variable variance

f
J —

For numerical computations it is preferable to introduce the
responses yc(&,t), y»(w,f) to the inputs Q.5yB(t) cos(o>,£), and
Q.5yB(t) sin(co,t), respectively. Eq. (22) then assumes the
form

= 2 (23)

Using Eqs. (15) and (16) and determining the autocorrelation
function for the response rate,

(24)
and the cross correlation function

Fig. 4 Input modulating function.

(25)
one obtains with the same assumptions as before the time
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Fig. 6 Effect of L/R on
the mean square re-

sponse.

4-n- STT 6-rr

variable variance of the response rate

= 2 (26)

and the time variable cross correlation between the response
and the response rate,

= 2

)dw (27)
The cross correlation coefficient r(t) can have only values be-
tween — 1 and +1. If we now stipulate that the turbulence
velocity components represent a Gaussian random process
with zero mean, then the response and the rate of change of the
response are also Gaussian with zero mean. This conclusion
follows from the linearity of Eq. (10).

Of particular importance for the design of fatigue tests or
the estimate of fatigue allowables is the expected value of the
number of upward crossings per unit time AT of a threshold f of
the response variable ft : E [N+(f,{) ] . Knowing this function,
it is possible under certain conditions to estimate approxi-
mately the distribution of the higher level peaks which deter-
mines the fatigue damage to a structure.10'11 If P^(ft,ftf)
is the time variable joint probability of obtaining at the time
t, the response ft, and the rate of response ft, the threshold
crossing expectation is given by

0Pti(f,Pf)dp (28)

where the joint probability is11-12

0-0(1 - r2)1/2] exp{-[a//32 -
rpri + ^/^l/So/o-^a - r2)1/2} (29)

Inserting Eq. (29) for ft = f into Eq. (28) and performing the
integrations over dft, one obtains

x

where
(1 + erf {fr/(T0[2(l - r2)]1/2}) (30)

erf(z) = e-ezd6

The quantities <?$, vp, r are time functions to be computed
fromEqs. (23), (26), and (27), respectively.

For a stationary Gaussian process we have r = 0, and Eq.
(30) reduces to the well-known positive threshold crossing
equation,

/ $ • / _ \2/Ol /O1\(£/ffp) /«\ v^l)
For f = 0 one obtains from Eq. (30) the expected number of
positive zero crossings per unit time:

- r*)li*<rp/<rp (32)
For a stationary Gaussian process we have r = 0, and Eq. (32)
reduces to the well-known expression

(33)

Numerical Results
The same three examples for which Fig. 5 shows the deter-

ministic response to a unit input of X have been used to com-
pute cr0»(D, <rj?(t), r(t), and E[N+(ff)] fromEqs. (23, 26, 27,
and 30), respectively. The deterministic responses yc(uf)
and 2/«(o>,0 were computed with a Runge-Kutta method,7 with
a truncation error of order 0(h5), and stepsize h = A? = 0.2.
The nonanalytic periodic functions K(f), C(t), and B(t)
shown in Figs. 2-4 were replaced by their 16-term Fourier
series. The input power spectral density $\(co) was assumed
according to Eqs. (6) and (7) with <r\2 = 1, /* = 1.6, and two
L/R values = 12 and 4. Large savings in computer time
have been achieved by using a canonical expansion for $\(co).
A sample function \(t}, belonging to a stationary random
process with zero mean, can be approximated to any desired
accuracy (in the mean square sense) by a canonical expansion
of the form13

2V
(34)

where the uncorrelated random coefficients Vv have zero mean
values and variances given by

= 0,±,1J...±N (35)

the autocorrelation function is

2V

The Fourier transform of Eq. (36) then results in
2V

= -2V
(co - co,)

(36)

(37)

whereby the weighting factors for the delta functions are given
by Eq. (35). A canonical expansion of $\(o>) then is obtained
by dividing the positive frequency range into Af intervals, se-
lecting inside each interval a central frequency co,, and multi-
plying 6(co — o>v) with the integral of $\(co) over this interval.

Using a canonical representation Eq. (37) of $\(co) with N
= 11 and a Runge-Kutta routine with At = 0.2 stepsize for
the i/s(co,£) and 2/«(o>,£), functions the computations of Eqs.
(23, 26, 27) and the evaluation of Eq. (30) for seven thresholds
over a time range of £ = 0 to 20 required for a given condition
about 3 min. of IBM 360/50 machine time.

Figure 6 shows the effect of the ratio of turbulence scale
length over rotor radius L/R on the mean square response
<yf(l) = Rpfi(i,r) for M = 1.6, 7 = 4, and P = 1.3. As in Fig.
5, only the third rotor revolution is shown where the mean
square response has become periodic with period 2?r. Low al-
titude turbulence scale lengths L typical for rotorcraft opera-
tion are in the order of 400 ft3. For a small rotorcraft with
16-ft rotor radius, we then have L/R ~ 25, for a medium
rotorcraft with 33-ft rotor radius, we have L/R = 12 and for
a very large rotorcraft with a rotor radius of 100 ft (not as yet
in existence), we would have L/R = 4.0. Figure 6 brackets,
therefore, actual conditions in low-level flight, and indicates

Fig. 7 Effect of
L/R on positive
zero crossing

expectation.

8-rr
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that the turbulence response of rotor blades decreases with in-
creasing rotor size.

For high-altitude flight with a turbulence scale length L of
several thousand feet, the assumption L/R = oo is a good
approximation and leads to a very simple "quasi determinis-
tic" analysis. We then have a = 0 in Eqs. (6) and (9), which
result in

R\(f) = <rx2 Sx(«) = <rx:

where 5(co) is the Dirace delta function,
into Eq. (23) one obtains

5(w) (38)

Inserting Eq. (38)

(39)

The function yc(Q,t) is the deterministic response to the input
Q.5yB(t) shown in Fig. 5. Equation (39) states that for the
"quasi deterministic" case L/R = oo, that is when the rotor
radius is small as compared to the turbulence scale length, the
response variance 0^(1) is equal to the squared deterministic
response for X = 1 multiplied by the variance of the inflow
process (assumed to b$ one in all figures). If the input is
Gaussian with zero mean, then the response for each value of
time I is also Gaussian with zero mean.

Figure 7 shows for the same example and for the two L/R
values 4 and 12 the time variable expected number of positive
zero crossings per unit time, as computed from Eq. (32). For
Xj/Ji = oo the zero crossings are concentrated at the two loca-
tions per period indicated in Fig. 7, which is consistent with
the zero crossing pattern shown in Fig. 5. One should note
that positive and negative vertical turbulence velocities occur
on the average with equal frequency so that during some rotor
revolutions the response for L/R = «> will look like a curve in
Fig. 5, for an equal number of revolutions the response will be
given by the mirror image of this curve. On the average, in
two rotor revolutions a positive zero crossing will occur once
in the first quadrant followed by a similar crossing in the
fourth quadrant. For finite values of L/R} Fig. 7 shows that
zero crossings can occur at any time, with the most likely oc-
currences close to those for L/R = oo. The area under the
curves in Fig. 7 between 4?r and 6?r represents the expected
number of positive zero crossings per revolution. Integrat-
ing the curves between 4?r and GTT, one obtains a value close to
one, same as for L/R = oo.

The fact evident from Fig. 7 that most of the zero crossings
occur within narrow ranges of azimuth angle can also be ex-
pressed by stating that the phase angles of the random flap-
ping oscillations have certain sharp peaks in their distribution.
If one considers only the first harmonic in the flapping response
with period 2ir which, according to Fig. 5 is dominant, one can
say that blade flapping from atmospheric turbulence repre-
sents a quasi-coherent narrow-band random process with small
phase angle variance. Measured sample functions of blade
flapping in a wind tunnel where artificial turbulence was in-
duced by a lattice of 1-in. square bars spaced at one foot cen-

Fig. 8 Effect of P on
the mean square

response.

Fig. 9 Effect of P on
positive zero crossing

expectation.

ters and covering a 9 ft X 4 ft area confirm this character
quite clearly.14

Figure 8 shows the effect of elastic blade root restraint on
the mean square response, assuming 7 = 4 and L/R = 12.
The elastically restrained blade with P = 1.3 shows a large re-
duction in response as compared to the freely flapping blade.
In order to obtain dimensional values, one can assume a stan-
dard deviation for the vertical turbulence velocity vw = 8 fps,
which at low altitude occurs with 0.1% probability.3 As-
suming &R = 300 fps for an unloaded rotor crusing with ju =
1.6 at 280 knots, one obtains <r\ = 8.57.3/300 = 1.5°. The
maximum flapping response standard deviation, according to
Fig. 8, is then 5.8° for P = 1 and 3.4° for P = 1.3. Since
three standard deviations occur in a Gaussian distribution
with 0.002% probability, in the actual distribution about 10
times more frequent,2 very large random flapping angles can
occasionally be encountered. These flapping angles can also
be expressed in terms of "load factors," based on a one g hover-
ing load. If a is the mean blade angle of attack in hovering,
the coning angle is approximately ay/SP2. Using a = 6°
and 7 = 4 as in Fig. 8, one obtains for P = 1 and 1.3 coning
angles of 3° and 1.8°, respectively. The flapping angle from a
vertical turbulence velocity with 8 fps standard deviation then
produces a "load factor" with a standard deviation of almost
±2.0, and "load factors" of ±4.0 and higher will occasionally
occur. This may be unacceptable either from a point of view
of blade-fuselage interference or from a stress point of view.

Figure 9 shows for L/R = 12 the effect of elastic root re-
straint on the expected number of positive zero crossings per
unit time. Again the maxima occur approximately at the cor-
responding zero crossings of the yc(Q,t) curves shown in Fig. 5,
and the average number of positive zero crossings per revolu-
tion is about one. Figures 10 and 11 show for L/R — 12 the

26. h

•̂  I8.h

ft=l .6
B = 0.97
P=l.3

L/R=I2.

•7=8

Fig. 10 Effect of 7 on
mean square response.

2-h

5ir
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C3 -8
Fig. 11 Effect of 7
on positive zero
crossing expecta-

tion.

4ir 67T 7-rr

effect of Lock inertia number on the mean square response and
on the expected number of positive zero crossings per unit
time. The lighter blade (7 = 8) exhibits much larger flap-
ping angles.

Figure 12 shows for 7 = 4, P = 1.3, L/R = 12 the expected
number of positive threshold crossings per unit time for the
thresholds 1.75, 2.5, 3.0, and 4.0. It is seen that one of the
bell shaped distributions disappears with increasing threshold
level and that only the primary bell shaped distribution
remains. It is centered at about the forward blade position.
By integrating the area for this distribution and plotting it vs
the threshold, one obtains Fig. 13, which gives for the high re-
sponse levels the expected number of positive threshold cross-
ings per revolution. Because of the small variance of the re-
sponse phase indicated in Fig. 12, one can interpret Fig. 13
also as giving approximately the expected number of positive
response peaks per revolution above the threshold f. The
number of negative response peaks will be the same. Figure
13 can thus be used to evaluate turbulence related fatigue
loads. For L/R = °o the expected number of response peaks
per revolution above a level f can be easily determined from
the Gaussian distribution with the standard deviation given
byEq.(39).

Conclusion

The main assumptions of the analysis are 1) rigid blades at-
tached to a fixed hub with central elastically restrained flap-
ping hinges; 2) quasi-steady linearized aerodynamics includ-
ing reversed flow effects; and 3) inflow uniform over the rotor
disk with random time variations representing a stationary
Gaussian process. Under these assumptions, the time vari-
able blade flapping response variance and the threshold cross-
ing expectations can be computed with relatively little com-
putational effort. The flapping response to typical atmo-
spheric turbulence conditions is a quasi-coherent narrow-band
random process. The threshold crossing characteristics allow
a simple estimation of high level response peak distributions

/J-= 1.6
7 = 4.
B = 0.97
P=l .3

L/R=I2

Fig. 12 Expected
positive threshold
crossings per unit

time.

ft =1.6
7=4.
B = 0.97
P=l.3

L/R=I2

Fig. 13 Expected positive
threshold crossings per revo-

lution.

needed for fatigue considerations. Based on low-altitude
atmospheric turbulence characteristics, high random flapping
angles or root bending moments can occur at an advance ratio
of 1.6 and 280 knots flight speed, representative of a slowed
unloaded rotor, indicating the necessity of gust alleviating
means for such a rotor.

Topics for continued studies of random blade vibrations and
loads are 1) relaxation of the assumption of spacewise uniform
inflow to obtain the effects of spatial distribution of turbu-
lence in the rotor disk; 2) effects of gust alleviating methods;
3) development of experimental methods of evaluating ran-
dom blade vibrations and loads; 4) development of a rotor
disk turbulence model with parameters to be determined from
the measured random blade response; 5) development of a
multiblade analysis including the random airframe motion;
and 6) development of an elastic blade random response
analysis.

Inspite of these many gaps, the theory developed so far ap-
pears to be adequate within the stated limitations to estimate
the principal effects of atmospheric turbulence on unloaded
rotors operating at high advance ratio.
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